Abstract: In this paper we study the ghost-free bimetric action extended by a recently proposed coupling to matter through a composite metric. The equations of motion for this theory are derived using a method which avoids varying the square-root matrix that appears in the matter coupling. We make an ansatz for which the metrics are proportional to each other and find that it can solve the equations provided that one parameter in the action is fixed. In this case, the proportional metrics as well as the effective metric that couples to matter solve Einstein's equations of general relativity including a matter source. Around these backgrounds we derive the quadratic action for perturbations, diagonalized into a massive and a massless spin-2 fluctuation. We find that only the massless spin-2 mode interacts with matter; a result which is independent of the remaining parameters of the theory.
Introduction and summary of results
Ghost-free bimetric theory describes nonlinear interactions between a massive and a massless spin-2 field at the classical level. It emerged from a model for nonlinear massive gravity in flat space which was developed in [1, 2] and shown to be ghost-free in [3] . The formulation of massive gravity in a general background [4] and the absence of ghost in this version of the theory [5, 6] suggested the possibility to give dynamics to the background metric and thereby introduce the first consistent, fully dynamical bimetric theory [6, 7] . This particular family of massive gravity and bimetric theories generalizes linear Fierz-Pauli theory [8] and constitutes an exception to generic models for nonlinear spin-2 interactions which contain the BoulwareDeser ghost instability [9, 10] . Before the ghost-free formulation was known, interacting spin-2 fields had already been studied in great detail, see [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] for some examples. For a recent review on the ghost-free theories we refer the reader to [21] .
Bimetric theory is formulated in terms of two dynamical rank-2 tensors g µν and f µν whose kinetic terms have the usual Einstein-Hilbert structure. The bimetric action furthermore contains a nonlinear interaction potential for the two metrics whose structure is constrained by requiring the absence of the Boulware-Deser ghost. Around backgrounds on which the metrics are proportional to each other, the spectrum of spin-2 perturbations is diagonalizable into mass eigenstates and it consists of a massless and a massive spin-2 field that mix with each other at the nonlinear level [22] .
An important question to address in this type of theories is how to couple the two metrics to the matter sector which, for example, could represent the Standard Model. The requirement of avoiding the Boulware-Deser ghost reduces the number of possibilities for such couplings, which should not come as a surprise since it was already the case for the interactions among the spin-2 fields. Although it is possible for the two metrics g µν and f µν to interact with two different types of matter, the ghost instability generically reappears when both metrics are coupled to the same matter source [23, 24] . Some of the interesting conceptual and phenomenological issues of doubly coupled bimetric theory have been addressed in [25, 26] . An exception to the generically inconsistent double coupling is a particular combination of g µν and f µν into an "effective" metric G µν which enters the matter Lagrangian. Although the full theory does not contain the constraint that removes the Boulware-Deser ghost, it has been shown in [24, 27] that the terms that excite the ghost are suppressed by a mass scale that is higher than the strong-coupling scale of the theory. This implies that the theory can still be treated as a consistent effective field theory with a cut-off below which the ghost is not excited.
The matter coupling of the effective metric opens up new possibilities for the phenomenology of bimetric theory. Unfortunately, a difficulty arises when one tries to compute the equations of motion for this theory because the particular form of the effective metric complicates the variation of the action with respect to the metrics g µν and f µν . This is problematic because the knowledge of classical solutions to the equations of motion is indispensable for all phenomenological applications.
In this work, we study bimetric theory including the matter coupling of the effective metric in more detail. Our results are summarized below.
• After employing a trick that allows us to remove the problematic terms in the matter coupling, the variation of the action becomes straightforward. Our result for the equations of motion can be used for deriving all types of classical solutions in the full bimetric theory including matter.
• We derive the proportional background solutions, f µν = c 2 g µν with constant c, in the presence of matter. These solutions are Einstein metrics which, in the absence of the matter source, reduce to the known maximally symmetric backgrounds of bimetric theory in vacuum. In contrast to the pure bimetric case, their existence requires fixing one parameter of the theory.
• The spectrum of perturbations for the metrics around the proportional backgrounds is computed. The mass eigenstates are the same as in bimetric theory in vacuum and we derive the quadratic action for the massless and the massive spin-2 mode along with the corresponding linear equations.
• The remarkable and unexpected outcome of the analysis of perturbations is that the effective metric that couples to matter always has massless fluctuations around proportional backgrounds. Consequently, at the linear level, the matter source shows up only in the equations for the massless mode. We furthermore verify that the effective metric can be considered as a nonlinear massless spin-2 field. This result, which is independent of the parameters of the theory, implies that around proportional backgrounds differences from general relativity occur only at the nonlinear level.
The paper is organized as follows. In section 2 we review the structure of ghost-free bimetric theory and its coupling to matter through the effective metric. The equations of motion for this theory are obtained in section 3. In section 4 we derive the proportional background solutions and the quadratic action of perturbations around them. Finally, our results are discussed in section 5. Some technical details are provided in the appendix.
Review of bimetric theory and its coupling to matter
In this paper we will work with the action for interacting rank-two tensors g µν and f µν that couple to matter through an effective metric G µν which is a combination of the two and will be defined below. The full action is of the form,
where S bi involves the kinetic and interaction terms for g µν and f µν , 2) and S m describes the coupling of matter fields φ a to the effective metric G µν . This coupling is assumed to have a standard form as in general relativity, 1
3)
The metrics in (2.2) possess standard Einstein-Hilbert kinetic terms, multiplied by Planck masses m g and m f setting the respective interaction strengths. In order to avoid the BoulwareDeser ghost instability that plagues generic bimetric theories, the interaction potential V (g, f ) in (2.2) is taken to be of the form [4] ,
Here, µ 4 is an arbitrary mass scale, β n are the interaction parameters and e n g −1 f denote the elementary symmetric polynomials of the square-root matrix 2 g −1 f defined through g −1 f 2 = g −1 f . The explicit expressions for the e n (S) as functions of any matrix S can be obtained from the following recursion formula,
Due to the identity √ g e n g −1 f = √ f e 4−n f −1 g , the structure of the potential (2.4) is symmetric with respect to the two metrics g µν and f µν . That is to say that interchanging the metrics in S bi results in an action which is of the same form but with redefined parameters.
The form of the effective metric G µν that enters the matter coupling (2.3) has first been proposed in [24] and further studied in [29] . It reads, 6) in which a and b are arbitrary constants. 3 Note that due to the matrix identity g g −1 f = f f −1 g, also the structure of the effective metric is symmetric with respect to g µν and f µν , in the sense that interchanging the metrics in G µν does not change its form but only redefines the parameters a and b.
An interesting property of the above matter coupling that has already been observed in [24] is that any vacuum contribution coming from the matter sector can be absorbed into the bimetric potential by rescaling the β n parameters. This can be seen by considering a contribution of the form L vac m = µ 2 √ G Λ with constant Λ which becomes,
These terms can be shifted into the interaction potential (2.4) which afterwards contains new parameters β ′ n = β n − Λa 4 2µ 2 b a n . This degeneracy will allow us to be fully general when considering matter sectors without vacuum energy.
We are interested in deriving the equations of motion following from the complete ac-tion (2.1). The variations of the bimetric part S bi with respect to g µν and f µν are well-known, 4
where
2 g µν R(g) denotes the Einstein tensor and the variation of the potential gives rise to the following matrix functions,
The variation of the matter coupling with respect to g µν and f µν is difficult to compute due to the appearance of the square-root matrix g −1 f in the effective metric (2.6). Varying the square-root in the potential is much simpler because its powers appear only under the trace in the elementary symmetric polynomials. In the matter coupling, however, it multiplies the stress-energy tensor of the matter fields and in order to compute the variation of S m one needs to know the variation of the square root g −1 f with respect to g µν and f µν . In principle, this variation can be obtained explicitly but the resulting expressions are expected to be lengthy and difficult to handle. The situation is simplified when one of the parameters a and b in the effective metric (2.6) is set to zero, in which case the square-root drops out of the coupling and only one of the two metrics g µν and f µν interacts with matter. This model, however, is rather restrictive and, for instance, does not allow for proportional solutions for the metrics [22] .
The goal of this work is to overcome the aforementioned difficulties and derive the equations of motions for the more general matter coupling of G µν with arbitrary a and b.
Derivation of the equations of motion
In this section we derive the equations of motion following from the full action (2.1). We start by explaining the general procedure which we employ in order to simplify the variation of the matter coupling.
An alternative set of equations
As outlined in the previous section, bimetric theory is formulated in terms of the independent variables g µν and f µν which possess standard Einstein-Hilbert kinetic terms. The equations obtained from varying the action (2.1) with respect to these fields are,
Here, | g means that the variation is taken with g µν kept fixed. Varying the bimetric action S bi results in the known expressions given in (2.8). On the other hand, the matter coupling involves the combination,
which complicates the derivation of the equation of motion for the theory including matter because the variation of the square-root matrix requires a lengthy computation.
Our strategy here will be to derive the equations without having to vary the square-root matrix. To this end, we first rewrite the variation of the matter coupling as,
where on the right-hand side g µν in S m is replaced by,
and | f means that the variation is taken with f µν kept fixed. Equation (3.3) is an identity because, after the replacement, g µν appears in S m only through the combination F µν in (3.2). As we will see in the next subsection, the variation of the matter action S m (g(F, f ), f ) with respect to F µν is straightforward. The problematic term is the Jacobian
whose evaluation requires varying the square-root matrix. Of course, one can do the same for the f µν variation and replace,
in the matter coupling. Then the variation of S m with respect to f µν may be rewritten as ,
Again this is an identity because, after the above replacement, f µν appears in S m only through the combination F µν in (3.2). At first sight, the way in which we write the variations in equations (3.3) and (3.6) may seem slightly unfamiliar. In order to illustrate the validity of the expressions, we therefore provide a simple example for the identities in appendix A. The full equations of motion, obtained from varying the action (2.1) with respect to the two metrics, are thus of the following form,
The problem is that we cannot derive the explicit expressions for these equations without knowing the variations of F αβ with respect to f µν and g µν . On the other hand, we now observe that it is easy to derive the expressions of the inverse Jacobians δf µν δF αβ g and δg µν δF αβ f from (3.5) and (3.4), respectively. In particular, this calculation does not involve varying a square-root matrix. Furthermore, by definition, the inverse Jacobians satisfy,
Contracting ( , respectively, therefore allows us to remove the variations of the square-root matrix. The result is,
in which all expressions can now be computed straightforwardly. Before coming to this calculation, let us make one short remark. The Jacobian factors δg µν δF αβ f and δf µν δF αβ g are computed in appendix B and from the results it may not be entirely obvious that they are invertible. 5 If they were not, then the equations in (3.9) could in principle allow for solutions on which the variations of F αβ with respect to f µν and g µν become singular and which therefore do not solve the original equations. However, the fact that the functional relations in (3.2) can generically be inverted to give (3.4) and (3.5) ensures the invertibility of the respective Jacobians. Hence, except for very peculiar cases in which (3.2) cannot be solved for g µν or f µν , the equations in (3.9) possess the same solutions as the original g µν and f µν equations and the two sets can be regarded as equivalent.
As we shall see later, for the purpose of this work we do not need to worry about obtaining additional solutions because on the ansatz we make for the metrics, the Jacobians are explicitly invertible and the equations in (3.9) are definitely equivalent to the original g µν and f µν equations.
Varying the matter coupling
We are now going to derive the contributions from the matter coupling which appear in the equations of motion (3.9). The matter action S m depends on the metrics g µν and f µν (and thus also on F µν ) only through the composite metric G µν . Its variations with respect to F µν can therefore be written as,
where G µν with upper indices is the inverse of G µν and, of course, all matter fields are held fixed when varying S m . The variation of S m with respect to G µν depends on the matter content of the theory. Since we do not make any assumptions on the matter sector here, we do not evaluate δSm δG µν further. Its form will be exactly as in general relativity, with the usual metric g µν replaced by the effective metric G µν . 6 When g µν is replaced by (3.4), the effective metric (2.6) that couples to matter becomes,
Similarly, replacing f µν by (3.5) gives,
These expressions can now easily be varied with respect to F µν . We only present the result here; the calculations are performed in appendix B. Inserting (B.6) and (B.7) into (3.10), the variations of the matter coupling are obtained as,
The expressions on the right-hand side become functions of g µν and f µν alone once one replaces F µν by (3.2) and the effective metric G µν using (2.6).
Complete equations
We now combine the results found in the previous subsections to obtain the equations of motion for bimetric theory including its coupling to matter. The expressions for the Jacobian factors δg µν δF αβ f and δf µν δF αβ g are derived in (B.2) and (B.4). Inserting these together with (2.8) 6 For some applications it may be useful to define the stress-energy tensor for the matter source with respect to the effective metric, Tµν = − 1 √ G δSm δG µν . For instance, in the cosmological context, where one makes homogeneous and isotropic ansätze for the metrics, this assumes the form of a perfect fluid. and (3.13) into the equations of motion in (3.9), we find,
As usual, F µν with upper indices denotes the inverse of F µν . The final result can easily be expressed in terms of the original variables by making the replacements
Alternatively, one could also regard f µν and G µν as functions of g µν and F µν , given through (3.5) and (3.12), respectively.. In this case, when solving the equations, one would make ansätze for g µν and F µν instead of the original metrics. While this choice has the advantage of avoiding the square-root matrix, the first option may be preferable because it simplifies the structure of the kinetic terms. For ansätze that allow a straightforward evaluation of the square-root matrix (e.g. for diagonal metrics), expressing the equations in terms of g µν and f µν is definitely the better strategy.
Proportional backgrounds and their perturbations
Proportional background solutions and the spectrum of fluctuation around them for bimetric theory in vacuum have already been studied in detail [22] . We will briefly review the results of this analysis before proceeding to the full theory including the matter coupling.
Bimetric theory in vacuum
In the absence of matter, the equations of motion for bimetric theory are given by the vanishing of (2.8). In order to find proportional solutions for the two metrics, we make an ansatz f µν = c 2ḡ µν with arbitrary constant c to be determined by the equations. On this ansatz, the matrix functions Y (n) µν andŶ (n) µν in (2.8) that are obtained from varying the interaction potential become proportional to the metricḡ µν since g −1 f becomes proportional to the identity matrix. As a consequence, the bimetric equations reduce to two copies of Einstein's equations for the metricḡ µν ,
where the cosmological constants are functions of the proportionality constant c as well as the parameters in the bimetric action,
Consistency of the two equations in (4.1) requires Λ g = Λ f , which determines c in terms of the bimetric parameters. 7 The solutions for both g µν and f µν are maximally symmetric Einstein metrics with cosmological constant Λ g . Equivalently, we could have derived the above solutions from (3.14) in which the matter source is set to zero. On the proportional ansatz, the Jacobians in (3.9) both become proportional to (ḡ ρµḡσν +ḡ ρνḡσµ ). The equations can then be contracted withḡ µαḡνβ which reduces them to (4.1). This explicitly verifies that, for the proportional ansatz, no additional solutions are introduced by solving the new instead of the original equations.
Depending on the choice of β n parameters, non-proportional maximally symmetric solutions may also exist [35, 36] , but the proportional backgrounds are the only solutions that allow the fluctuations of the metrics to be diagonalized into spin-2 mass eigenstates [22] . The spectrum around proportional backgrounds consists of one massless and one massive perturbation that are linear superpositions of the metric fluctuations δg µν and δf µν ,
where N G and N M are constants that may be fixed to canonically normalize the kinetic terms and α = m f /m g . The equations for these fluctuations are obtained from linearizing (2.8) in δg µν and δf µν and building linear combinations of the equations. Alternatively, one can derive them from (3.14) in which the matter source is set to zero. The result reads [22] ,
where the kinetic structure is given by the linearized Einstein operator, 
It is worth emphasizing that the proportional background solutions for bimetric theory in vacuum exist for general values of the parameters in the bimetric action. 8 The situation will change when matter is introduced.
7 An exception to this is the special parameter choice α 4 β0 = 3α 2 β2 = β4, β1 = β3 = 0, which has been suggested as a model for nonlinear partial masslessness [32] [33] [34] . 8 This holds provided that the condition Λg = Λ f allows for a valid solution for c. Some solutions for c can be problematic, for example, if they lead to a value for the Fierz-Pauli mass that satisfies m 
Including matter
We now invoke the equations of motion obtained in the previous section to re-derive the proportional background solutions and their perturbation spectrum for bimetric theory including the new coupling of the effective metric G µν to matter.
Background
As before, we make the ansatzf µν = c 2ḡ µν with arbitrary constant c to be determined by the equations. 9 On this ansatz, we have,
and the effective metric reduces to,
Note that we have to demand a = −bc in order to ensureḠ µν = 0. As already discussed for bimetric theory in vacuum, the Jacobian factors in (3.9) become manifestly invertible on the proportional ansatz. Hence, deriving the proportional solutions from (3.14) is equivalent to obtaining them from the original g µν and f µν equations. Evaluated on the ansatz, the equations of motion in (3.14) become,
where again α = m f /m g . Since any vacuum energy contribution coming from L m can be absorbed into the interaction parameters of the bimetric potential (see equation (2.7)) we can assume without loss of generality that L m contains no vacuum energy. Then, consistency among the above equations requires that the relative factors between the curvature, the vacuum and the matter contributions are the same in both sets of equations. This means that for the existence of proportional backgrounds we must have,
The first of these can be simplified such that we arrive at,
In the absence of matter, a conformal ansatzfµν = c(x) 2ḡ µν reduces to the c = const. case due to the Bianchi constraint. When the effective metric couples to matter, this is no longer obvious and here we restrict ourselves to constant c in the ansatz.
Our ansatz only contains one free parameter c whose value will be determined by one of the two conditions. The other condition will in general not be satisfied by the theory. This means that for general parameters in the action proportional background solutions do not exist; their existence requires fixing one parameter of the theory. Since Λ g = Λ f is the condition that determines c in the absence of matter, it is most intuitive to think of this condition as determining c also in this case and the solutions for the proportionality constant of the backgrounds are thus the same as in vacuum. Then the second equation, b a = α 2 c, requires fixing one of the parameters a, b, m g or m f . 10 We observe that this result confirms the well-known fact that proportional solutions do not exist when only one of the two metrics, g µν or f µν , is coupled to matter. In this case we have a = 0 or b = 0, respectively, and the condition b a = α 2 c cannot be satisfied. Once the conditions (4.11) are met, the equations in (4.9) reduce to two copies of the same Einstein equation for the metricḠ µν = a 2 (1 + α 2 c 2 ) 2ḡ µν which reads,
where we have used,
This shows that proportional backgrounds correspond to Einstein solutions for the metric G µν with cosmological constant Λ G and effective Planck mass M P , which are functions of the parameters in the action. The situation is very similar to bimetric theory in vacuum, except that the existence of the proportional backgrounds now requires fixing one of the parameter combinations b/a or m f /m g .
Linear perturbations
As a next step, we consider the perturbation equations around the proportional backgrounds. Let c be determined by the condition Λ g = Λ f and let us assume that the condition b a = α 2 c is satisfied by fixing one of the parameters, say b, such that the proportional background solutions withf µν = c 2ḡ µν exist. The nonlinear expression for the effective metric becomes,
Its perturbations around the proportional backgrounds can straightforwardly be computed,
10 As in the case without matter sources, an exception is the particular parameter choice α 4 β0 = 3α 2 β2 = β4, β1 = β3 = 0, for which the equation Λg = Λ f is automatically satisfied for any value of c. In this case, none of the parameters a, b, mg or m f need to be fixed, but now the condition
Remarkably, this is exactly the massless fluctuation (4.3) of bimetric theory in vacuum with the normalization N G = a 2 (1 + α 2 c 2 ), which means that the effective metric that couples to matter is massless around the proportional solutions. Since these are the only backgrounds that admit a clear definition of mass, the perturbations of the field G µν are massless whenever a notion of mass exists. We now compute the full quadratic action for perturbations around proportional backgrounds. First, we observe that at the quadratic level the matter coupling takes the form, 
We use these expressions in the bimetric part of the quadratic action which can be most easily computed in terms of δg µν and δf µν . After also including the above expression for the matter coupling, we obtain, 18) where now the linearized Einstein operator reads, 19) in whichR µν is the background curvature ofḡ µν . Note that the bimetric part of the quadratic action is written with respect to the background metricḡ µν , while the matter coupling is more naturally expressed in terms ofḠ µν which differs fromḡ µν by a constant scaling. In order to formulate the whole action with respect to the same background metricḠ µν that solves (4.12), we replace,ḡ
Moreover, we choose to fix the normalization of the massive mode to N M = c −1 αN G , such that we finally get,
which is the quadratic action for a massless spin-2 field coupled to matter and a decoupled massive Fierz-Pauli field. It is now formulated with respect to the background metricḠ µν . In particular,Ẽ ρσ µν is of the same form as in (4.19) but withḡ µν replaced byḠ µν , Λ G is the cosmological constant and M P is the effective Planck mass forḠ µν as defined in (4.13). In the new background metric,m FP is the Fierz-Pauli mass of the massive spin-2 mode. Varying the action with respect to the massless fluctuation δG µν and the massive fluctuation δM µν , respectively, gives the following equations,
in which we have lowered the indices withḠ µν . We conclude that matter only interacts with the massless spin-2 field at the linear level, while the massive field is completely decoupled. This shows that not only the proportional backgrounds but also the linear theory around them is degenerate with general relativity.
The nonlinear massless field
In [22] an attempt was made to rewrite bimetric theory in terms of combinations of g µν and f µν which can be interpreted as nonlinear mass eigenstates. The same reference also provided conditions for classifying a nonlinear combination of g µν and f µν as "massless". Since here we have shown that the fluctuations of the effective metric G µν that couples to matter are massless, it now becomes interesting to check whether G µν also satisfies the criteria for being a nonlinear massless field. To this end, let us write G µν as,
where, to ensure the existence of proportional backgrounds, we have fixed b = aα 2 c. Its fluctuations around these backgrounds then are of the form,
The criteria that a nonlinear massless field needs to satisfy now read [22] , 
Dividing this result by N G , we find that the first criterion in (4.25) is met. For the derivative with respect to the square-root matrix, we obtain the following expression,
On the proportional background, this reduces to, 28) and division by N G verifies that also the second criterion is satisfied. We conclude that the effective metric G µν is a nonlinear massless field according to the classification in [22] . In the remainder of this section we outline the procedure of reformulating the theory in terms of the nonlinear massless field. As a first observation, we note that the structure of the bimetric interaction potential (2.4) does not change when it is rewritten in terms of G µν and, for instance, g µν . To see this, first use the definition of the effective metric to express g −1 f in terms of G µν and g µν . The result is, in matrix notation,
Then we make use of the following identity of the elementary symmetric polynomials which holds for any matrix S, 30) to replace g −1 f in the bimetric interaction potential V (g, f ). The result is,
Interestingly, this has the the same structure as the potential in terms of g µν and f µν because it can be written as,
where the new parameters β ′ n are,
The expression for f µν in terms of g µν and G µν also follows directly from the square of (4.29),
Note that this has a structure similar to the expression for G µν in terms of g µν and f µν . Of course, it is also possible to obtain a similar expression for g µν . In order to express the entire action in terms of G µν and g µν , one can now plug (4.34) into the Einstein-Hilbert term for f µν which will give a rather complicated kinetic structure K(g, G) for the fields G µν and g µν . The whole action is of the schematic form,
The potential structure V (g, G) in (4.32) is the same as before and the matter coupling of the massless field, S m (G, φ a ) defined in (2.3), is as simple as in general relativity. Thus, when deciding on the variables for formulating the theory, one has to choose between dealing with the matrix square-root in the matter coupling or with a complicated structure in the kinetic terms. In both formulations it is clearly expected that the theory differs from general relativity at the nonlinear level.
The field g µν in (4.35) does not have massive fluctuations. In principle, one can now also introduce a nonlinear massive field M µν and rewrite the action entirely in terms of nonlinear mass eigenstates G µν and M µν . In [22] one suggestion for the massive field was M µν = F µν −cg µν , with c again being determined in terms of the bimetric parameters through the equation Λ g = Λ f . Another possibility is M µν = G µρ ( g −1 f ) ρ ν − cG µν . However, the usefulness of such an approach is questionable since this reformulation will lead to even more complicate structures in the action. Note also that, although classically all formulations are equivalent, it is possible that they will give rise to different quantum theories.
Discussion
In this paper we have derived the equations of motion for ghost-free bimetric theory including its coupling to matter through the effective metric G µν . As a first application, we studied the proportional background solutions, which correspond to Einstein metrics, along with their perturbation spectrum.
The quadratic action and linear equations reveal that the fluctuations around proportional backgrounds can be diagonalized into a free massive spin-2 field and a massless spin-2 mode that interacts with matter. At the linear level around backgrounds that admit a definition of mass, the matter-gravity interaction is therefore exactly the same as in general relativity. On the other hand, the nonlinear theory differs from general relativity because the metric that couples to matter does not possess a standard kinetic term and interacts nontrivially with the massive spin-2 field. The existence of proportional backgrounds requires fixing one parameter in the bimetric action with matter coupling, but away from these backgrounds, it is not possible to diagonalize the fluctuation spectrum and identify the massless and massive spin-2 modes. As soon as this single condition on the parameters is imposed the above is true for all choices for the remaining parameters in the action. No tuning is needed to achieve a decoupling of the massive spin-2 field from the matter sector.
The Boulware-Deser ghost that re-enters bimetric theory above the effective field theory cut-off when the effective metric is coupled to matter is expected to propagate around general solution to the equations of motion derived in this work. However, the nature of the proportional solutions is such that the ghost mode which is present in the full theory does not get excited around these particular backgrounds. The same behaviour was found for perturbations around FRW backgrounds in the massive gravity setup where one metric is nondynamical [38] .
We verified that the effective metric G µν satisfies the criteria for a nonlinear combination of g µν and f µν to be classified as "massless". This suggests to think of the theory as a nonlinear massless metric G µν that interacts with matter and at the same time couples to a nonlinear massive spin-2 field. In this context, an interesting problem to address in bimetric theory with its effective matter coupling is the issue of dark matter. Since the nonlinear massive spin-2 field interacts only with gravity but not directly with matter, it could provide a suitable candidate for the yet unknown dark matter particle. This approach would be different from the one recently taken in [39] , where g µν and f µν were coupled to different types of matter and the f µν matter sector was assumed to account for the dark matter content of the universe.
The fact that, at lowest order in perturbations, matter interacts only with the massless fluctuation of the bimetric sector is expected to have interesting implications for the phenomenology of the model. In particular, the linear theory around flat space avoids the vDVZ discontinuity [40, 41] which leads to unacceptable predictions for observations when a massive spin-2 field is coupled to matter. In linear massive gravity, where matter couples to a massive spin-2 mode, avoiding the vDVZ discontinuity requires the presence of a Vainshtein mechanism [42] .
For the case b = 0 it is known that cosmological solutions can reproduce the expansion history of the universe [43] [44] [45] [46] . Moreover, cosmological perturbations for this parameter choice and for the case where the metrics couple to different matter sources, have been studied in [47] [48] [49] [50] [51] [52] [53] [54] . In [55] , which appeared simultaneously with our work, it is shown that viable cosmological backgrounds can also be obtained for the general case with b = 0. From our results here it follows that the proportional backgrounds are degenerate with general relativity and therefore give rise to cosmological solutions that can easily be brought to agreement with data by adjusting the bimetric parameters. Also the dynamics for the perturbations around these solutions are the same as in general relativity and hence the linear cosmological perturbation theory will be the same. In view of this degeneracy between the linear theory around proportional Einstein backgrounds and linearized general relativity, it will be interesting to study the behavior of perturbations around different backgrounds found in [55] that do not admit the notion of mass but still give rise to a viable cosmology.
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A Scalar example
Here we provide a simple example to illustrate the validity of the identities in (3.3) and (3.6). Instead of the matter action S m , which depends on the two metrics g µν and f µν , consider a function f (x, y) of two scalars x and y. Suppose this function is of the form, f (x, y) = x + 2 √ xy + y , (A.1) whose structure is similar to that of the effective metric (2.6) appearing in the matter action. For scalars, the explicit derivatives with respect to x and y are easy to obtain,
Alternatively, we can first make the replacement z ≡ √ xy such that we have, Although we do not compute the variation of the square-root matrix explicitly in this paper, it should be clear from this simple example that equations (3.3) and (3.6) are indeed valid.
B Variations
Here we provide a few details on the computations of the equations for g µν and f µν in section 3. In the following we will vary the expressions, f µν (F, g) = F µρ g ρσ F σν , g µν (F, f ) = F µρ f ρσ F σν , G µν (g(F, f ), f ) = b 2 f µν + 2abF µν + a 2 F µρ f ρσ F σν , G µν (g, f (F, g)) = a 2 g µν + 2abF µν + b 2 F µρ g ρσ F σν (B.1) with respect to F µν . The variation of g αβ with respect to F µν at fixed f µν is, 
